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NON-AUTONOMOUS CURVES ON SURFACES
MICHAEL KHANEVSKY
Abstract. Consider a symplectic surface Σ with two properly embedded Hamilton-
ian isotopic curves L and L′. Suppose g ∈ Ham(Σ) is a Hamiltonian diffeomor-
phism which sends L to L′. Which dynamical properties of g can be detected by
the pair (L, L′)? We discuss two cases where one can deduce that g is ‘chaotic’:
non-autonomous or even of positive entropy.
1. Introduction and results
Given a Hamiltonian diffeomorphism g it is extremely difficult to analyze it. It can be
seen already at the stage of extracting numerical information: most of useful invariants
(e.g. entropy, spectral data related to periodic points, etc.) are not easy to compute in
the general case. Instead of attacking g itself one may consider its action on spaces that
are easier to understand. We restrict our attention to Hamiltonian diffeomorphisms on
surfaces and their action on curves (Lagrangian submanifolds).
Clearly, given a pair of properly embedded curves L and L′ = g(L) in a surface Σ it is
easy to extract some numerical information: symplectic area of connected components of
Σ \ (L ∪ L′) or combinatorial data associated to their partition of Σ. In fact, in generic
situation, this gives a complete set of invariants: one can reconstruct the pair (L,L′)
up to a diagonal action by symplectomorphism. That is, up to a symplectic change of
coordinates. The main question is to what extent the behavior of g can be “seen” by
looking at L and L′ rather than at g itself. For example, in [SRS] the authors show
how data described above can be used to compute the Lagrangian Floer homology of
(L,L′) which, in turn, has well-established relation to the Floer-theoretic data of g. In
this article we describe examples where (L,L′) provide evidence that g is ‘chaotic’ - has
positive topological entropy or at least non-autonomous.
We prove the following.
Proposition 1. Suppose Σ is a compact connected symplectic surface, possibly with
boundary and punctures, and L is an essential simple closed curve in Σ. Pick h0 > 0
to be a threshold on entropy. Then there exists a curve Lh0 Hamiltonian isotopic to L
which satisfies the following. For every g ∈ Ham(Σ) such that g(L) = Lh0 , the topological
entropy h(g) > h0.
Corollary 2. We define the topological entropy of a pair of essential Hamiltonian isotopic
curves:
h(L′, L) = inf{h(g)
∣∣ g ∈ Ham(Σ) s.t. g(L) = L′}.
The proposition shows that this invariant is unbounded, in particular, not identically zero.
Using the same tools, one can show that the entropy metric on Ham(Σ) (word metric
with respect to the generating set of entropy-zero Hamiltonians) or the autonomous metric
(word metric with respect to autonomous Hamiltonians) are not bounded in the orbit
{g(L)
∣∣ g ∈ Ham(Σ)} of an essential curve L. The proof uses quasimorphisms onHam(Σ)
constructed by Brandenbursky and Marcinkowski [BM] that are Lipschitz with respect
to the topological entropy. We show that they descend to invariants of pairs of essential
curves. These invariants are ill-defined in a sense that they can be computed up to a
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bounded ambiguity (the defect of the quasimorphism) but that is sufficient when one
tries to analyze behavior on a large scale.
It would be interesting to obtain similar results on surfaces that do not admit essential
curves (e.g. sphere, disk, annulus). [BM] provides a large family of entropy-Lipschitz
quasimorphisms, which, however, do not descend to the space curves. In the case of an
annulus we use Calabi quasimorphisms constructed by Entov and Polterovich [EP] to
show a much weaker statement:
Proposition 3. Let Σ = S1 × [0, 1] be an annulus equipped with the standard symplectic
form and L = {0} × [0, 1] ∪ { 12} × [0, 1] be a union of two chords (we use convention
S1 = R/Z). Then there exists L′ Hamiltonian isotopic to L such that all g ∈ Ham(Σ)
with g(L) = L′ are not autonomous.
In addition, given R > 0, one may construct L′ such that the distance between {g
∣∣ g(L) =
L′} to the set of autonomous Hamiltonian diffeomorphisms is at least R in the Hofer met-
ric.
Like before, the quasimorphisms descend to [ill-defined] invariants of pairs (gL, L). In
the case when g is autonomous they provide information on the Reeb graph of g. This
data can be compared with that extracted from the curves directly (e.g. estimates on
rotation numbers of points in Σ under g). In our example it will result in a contradiction
which means that g cannot be autonomous.
This example shows that the set {(gL, L)
∣∣ g ∈ Ham(Σ)} has diameter greater or
equal to two in the autonomous metric. In fact, we construct L′ by deforming L by two
autonomous Hamiltonians. It would be interesting to find an example where the distance
is at least three.
Acknowledgements: The author wishes to thank M. Brandenbursky and M. Entov for
their remarks and comments on these results.
2. Definitions
Let G be a group. A function r : G → R is called a quasimorphism if there exists a
constant D (called the defect of r) such that |r(fg) − r(f) − r(g)| < D for all f, g ∈ G.
The quasimorphism r is called homogeneous if it satisfies r(gm) = mr(g) for all g ∈ G and
m ∈ Z. Any homogeneous quasimorphism satisfies r(fg) = r(f) + r(g) for commuting
elements f, g. Every quasimorphism is equivalent (up to a bounded deformation) to a
unique homogeneous one [Cal].
Let L be a curve in a symplectic surface Σ. Ham(Σ) denotes the group of Hamiltonian
diffeomorphisms with compact support in the interior of Σ.
S = {g ∈ Ham(Σ) | g(L) = L}
is the stabilizer of L. The orbit OL = {g(L)
∣∣ g ∈ Ham(Σ)} can be identified with the
set Ham(D)/S of left cosets of S.
Let r : Ham(Σ)→ R be a quasimorphism which vanishes on S. Using the identification
OL ≃ Ham(D)/S one shows that any g, h ∈ Ham(Σ) such that [g] = [h] ∈ OL, g differs
from h by an element of S hence |r(g) − r(h)| ≤ D (D is the defect of r). Consequently,
r induces an ill-defined function rL : OL → R. It can be treated either as a set-valued
function whose values have bounded distribution or as a function which is defined up
to ambiguity D. Another option is to pick a representative in each coset. We will use
the first alternative. In this case notation rL(L
′) > h means that all elements of the set
rL(L
′) are greater than h.
3. Unbounded entropy
A simple closed curve L ⊂ Σ is called essential if it is not contractible, not isotopic to
a boundary curve and cannot be contracted to a puncture.
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We prove Proposition 1. [BM] constructs an infinite-dimensional family of homogeneous
quasimorphisms r : Ham(Σ) → R which are Lipschitz with respect to the topological
entropy:
|r(g)| ≤ Crh(g).
Given an essential curve L ⊂ Σ, we show below that these quasimorphisms vanish on the
stabilizer of L. Therefore given g, f ∈ Ham(Σ) such that gL = fL it holds
r(f) ≥ r(g)−Dr.
A non-trivial homogeneous quasimorphism r is unbounded. Given h0 > 0 pick g with
r(g) > Crh0 +Dr. It follows that all f with fL = gL satisfy h(f) > h0.
In other words, r induces an ill-defined invariant rL : OL → R as explained in the
previous section. rL is unbounded and |rL(L
′)| − Dr is Lipschitz with respect to the
entropy h(L′, L). [BM] also shows that the quasimorphisms r are Lipschitz with respect
to the autonomous and entropy metrics. This implies that |rL(·)|−Dr is Lipschitz for the
induced metrics on OL hence OL has infinite diameter. Using the fact that the family of
quasimorphisms r is ‘large’, one can use standard arguments to deduce that OL admits
quasi-isometric embeddings of ‘large’ subsets (e.g. ZN for all N > 0).
Remark 4. The argument works verbatim if one replaces Ham(Σ) with Symp(Σ) or
Symp0(Σ) leading to the same results.
We briefly describe construction of quasimorphism in [BM] and explain why they van-
ish on the stabilizer of L. We refer the reader to the original article for the detailed
description and proofs. Bestvina and Fujiwara constructed a family of quasimorphisms
ψ : MCG(Σn) → R where MCG(Σn) is the mapping class group of n-times punctured
Σ ( [BF]). Pick n distinct points z = (z1, . . . , zn) in the interior of Σ. Given an n-tuple
x = (x1, . . . , xn) in the configuration space Xn(Σ), push each zj to xj by an isotopy sup-
ported near a geodesic path, compose with g and finally push each g(xj) back to zj along
a geodesic path. For almost all x ∈ Xg(Σ) this construction results in a diffeomorphism
of Σ which fixes n marked points z and determines an element γ(g,x) ∈MCG(Σn).
The quasimorphism r is defined by
r(g) = lim
p→∞
1
p
∫
Xn
ψ(γ(gp,x))dvol.
Now pick an essential curve L ∈ Σ. Suppose first that Σ \ L is connected. Let g
be a Hamiltonian that fixes L. We pick the marked points z away from L and restrict
attention to the configuration space Xn(Σ \ L). That does not affect the value of the
integral since the complement has measure zero. In the construction of γ(g,x) we may
replace the geodesic segments from zj to xj or from g(xj) to zj by short paths that avoid
L (the difference will disappear under stabilization of r). As the result both g and the
pushes preserve L, thus the essential curve L is preserved under the composition. That
is, γ(g,x) is reducible. Bestvina-Fujiwara quasimorphisms vanish on reducible elements,
hence expression inside the integral is zero and r(g) = 0.
If Σ \ L is not connected, we prepare 2n n-tuples of marked points {zi}2
n
i=1 by picking
zij in either of the connected components. Then in the construction of γ(g
p,x) select the
basepoint which does not require pushing points across L. (Restrict attention to even
powers p where it is guaranteed that gp does not swap the connected components of Σ\L.)
Once again, effect of this modification will disappear under stabilization.
4. The annulus
4.1. Tools. Let Ft : Σ→ R, t ∈ [0, 1] be a time-dependent smooth function with compact
support in the interior of Σ. We define C˜al(Ft) =
∫ 1
0
(∫
Σ Ftω
)
dt. If the symplectic form
ω is exact (this is the case for an annulus or a disk), C˜al descends to a homomorphism
CalΣ : Ham(Σ)→ R which is called the Calabi homomorphism.
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Let Σ be a symplectic surface of genus zero. For a compactly supported smooth
function F : Σ → R the Reeb graph TF is defined as the set of connected components of
level sets of F (for a more detailed description we refer the reader to [EP]). For generic
Morse function F (saying ‘Morse’, we mean that the restriction of F to its support is a
Morse function) this set, equipped with topology induced by the projection piF : Σ→ TF ,
is homeomorphic to a tri-valent tree. We endow TF with a positive measure given by
µ(X) =
∫
pi
−1
F
(X)
ω for any X ⊆ TF with measurable pi
−1
F (X). In the case of the annulus
Σ = S1× [0, 1], piF (S
1×{0}) will be referred to as the bottom root of TF and piF (S
1×{1})
as the top root. The image of the shortest path between the roots of TF will be called
stem.
A point xm ∈ TF is the median of TF if all connected components of TF \ {xm} have
measure at most Area(Σ)2 . Median always exists and is unique (see [EP]). The set pi
−1
F (xm)
will be called the median of F . Suppose Σ = S1× [0, 1] is an annulus, we define percentile
sets in analogy to the median. Let h ∈ [0, 1]. xh ∈ TF is an h-percentile of TF if the
top and the bottom roots belong to different connected components of TF \ {xh} and
the connected component of the bottom root has measure hArea(Σ). pi−1F (xh) is the
h-percentile of F .
Clearly, percentiles correspond to points x in the stem of TF and the percentile value
increases monotonously along the stem. In the contrary to the median, when TF is not
homeomorphic to an interval (that is, has ‘branches’ besides the stem), h-percentile does
not exist for certain h ∈ [0, 1]. Each branch corresponds to a ‘gap’ (missing interval) in
the set of percentile values. Length of the gap is given by the measure of the branch
normalized by Area(Σ). If h-percentile exists, it is unique. The 12 -percentile (if it exists)
coincides with the median. For generic F this corresponds to the case when the median set
of F is a non-contractible circle. Using standard Morse-theoretic argument, we conclude
with the following observation: percentile sets are not contractible in S1 × [0, 1]. The set
AF of points that are not percentiles of TF is the union of branches that grow out the
stem of TF . pi
−1(AF ) is the union of topological disks corresponding to these branches.
In [EP] the authors describe construction of a homogeneous quasimorphism
CalS2 : Ham(S
2)→ R.
It has the following properties: CalS2 is Hofer-Lipschitz
|CalS2(φ)| ≤ Area(S
2) · ‖φ‖.
In the case when φ ∈ Ham(S2) is supported in a disk D which is displaceable in S2,
CalS2(φ) = CalD(φ
∣∣
D
). Moreover, for a φ ∈ Ham(S2) generated by an autonomous
function F : S2 → R, CalS2(φ) can be computed in the following way. Let x be the
median of TF and X = pi
−1
F (x) be the corresponding subset of S
2. Then
CalS2(φ) =
∫
S2
Fω −Area(S2) · F (X).
Let Σ = S1 × [0, 1] be an annulus equipped with the standard symplectic form so that
Area(Σ) = 1. We embed Σ into a sphere S2a,b of area 1 + a+ b by gluing a disk of area a
to S1 × {0} and a disk of area b to S1 × {1}. Denote this embedding by ia,b : Σ → S
2
a,b.
Let
ra,b =
1
1 + a+ b
·
(
CalΣ − i
∗
a,bCalS2a,b
)
be the normalized difference between the Calabi homomorphism on Σ and the pullback of
the Calabi quasimorphism of S2a,b. Note that ra,b vanishes on Hamiltonians g supported
in a disk D ⊂ Σ of area 1+a+b2 . Indeed, ia,b(D) is displaceable in S
2
a,b thus
CalS2
a,b
(ia,b,∗g) = CalD
(
g
∣∣
D
)
= CalΣ(g).
This implies that ra,b is continuous in the C
0-topology (see [EPP]).
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Let F : Σ → R be a Hamiltonian function, f its time-1 map and suppose that −1 ≤
b − a ≤ 1 or, equivalently, h = 1+b−a2 ∈ [0, 1]. If F admits h-percentile set Xh, it is
mapped by ia,b into the median set of ia,b,∗F : S
2
a,b → R, therefore ra,b(f) = F (Xh).
4.2. Construction. We construct a non-autonomous Hamiltonian on Σ. Let F : S1 ×
[0, 1] → R be a Hamiltonian function given by F (θ, s) = s when s ∈ [0.01, 0.99] and
extended to the rest of Σ in arbitrary way. The time-t map ft of F rotates the annulus
A = S1 × [0.01, 0.99] by t in the S1 coordinate. Let D ⊂ A be a disk of area 0.8 and
Φ : Σ → R be a smooth function which equals 1 in D and is supported in a disk of area
0.9 inside A. The time-t map φt fixes D pointwise but has some fast rotation outside ∂D.
Pick large parameters T, τ ∈ N and consider gT,τ = fT ◦ φτ . When T is an integer, fT
translates A T times around S1, hence fixes A pointwise. φτ is supported in A, hence fT
and φτ commute.
We claim that gT,τ is not autonomous. Assume by contradiction that it is generated
as the time-1 map by a Hamiltonian function H : Σ→ R. Suppose first that H is generic,
that is, allows construction of a Reeb tree TH . We compute values of H at its percentile
sets: pick h ∈ [0.01, 0.99]. Let a = 1 and b = 2h which satisfy h = 1+b−a2 .
ra,b(gT,τ ) = ra,b(fT ) + ra,b(φτ ) = hT.
the first equality holds because fT and φτ commute. ra,b(fT ) = hT since Xh = S
1 × {h}
is the h-percentile of F and F (Xh) = h. ra,b(φτ ) = 0 as the support of Φ becomes
displaceable in S2a,b. Therefore, if h-percentile Xh exists, H(Xh) = hT .
We perform another computation: fix h′ ∈ [0.2, 0.8]. Let a′ = 0.8−h′ and b′ = h′−0.2.
Once again, h′ = 1+b
′
−a′
2 and
ra′,b′(gT,τ ) = ra′,b′(fT ) + ra′,b′(φτ ) = h
′T + τ.
ra′,b′(fT ) = h
′T as before but ra′,b′(φτ ) = τ since ia′,b′ embeds Σ into a sphere of area
1+a′+ b′ = 1.6 so image of the disk D becomes the median set for ia′,b′,∗Φ and ra′,b′(φτ )
can be computed explicitly.
This contradicts the previous computation, hence h-percentiles do not exist for h in
the interval [0.2, 0.8]. That is, TH has one or several branches with total measure at
least 0.6. In fact, there must be a single branch of measure at least 0.6: if there are
several branches growing out of different points of the stem, there will be intermediate
h-percentiles which correspond to stem points between the branches. In our situation it is
not the case. If there are two branches or more growing from the same stem point (which
is possible in non-generic situation), we may perturb H in the C∞-topology and separate
the branches. Intermediate percentiles will appear after the perturbation. However, our
quasimorphisms ra,b are C
0-continuous, so a small perturbation will not fix the gap τ
between the results of two computations.
As a corollary, there is a branch B ⊂ TH with measure at least 0.6. DB = H
−1(B)
is a topological disk in Σ of area at least 0.6 which is an invariant set for the flow of H .
Intuitively, points in DB have rotation number 0 with respect to the S
1 coordinate, while
most points in Σ (up to a subset of area 0.02) have rotation number T under gT,τ , which
gives a contradiction.
We reproduce this contradiction using more powerful tools. In [Kha], Theorem 2, the
author constructs a quasimorphism ρ0.6 : Ham(Σ) → R which is C
0-continuous and has
the following property. Suppose g ∈ Ham(Σ) has an invariant disk of area 0.6 or more,
then ρ0.6(g) computes the rotation number (along the S
1 coordinate) of points in this
disk. (ρ0.6 is constructed as a certain combination of Calabi quasimorphisms pulled back
from S2 similarly to the construction of ra,b.) Therefore,
ρ0.6(gT,τ ) = ρ0.6(fT ) + ρ0.6(φτ ) = T.
ρ0.6(fT ) = T since fT rotates the annulus A T times around, the same is true for any disk
of area 0.6 in A. ρ0.6(φτ ) = 0 since D is a stationary disk of area 0.8. On the other hand,
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if the flow of H has an invariant disk DB, its rotation number is zero and ρ0.6 vanishes
on the flow of H . A contradiction.
If H which is supposed to generate gT,τ is extremely non-generic and its Reeb graph
does not exist, we may perturb it and argue as before, since the quasimorphisms ra,b and
ρ0.6 used as tools to arrive to a contradiction are C
0-continuous.
Remark 5. gT,τ is not autonomous but is a composition of two autonomous maps and
has entropy zero.
The quasimorphisms ρ and r used in the argument are Hofer-Lipschitz, so one may
deduce that the Hofer distance between gT,τ and the set of autonomous Hamiltonians is
at least min(T, τ) divided by appropriate Lipschitz constants. That is, we may find gT,τ
arbitrarily far away from the autonomous diffeomorphisms as T, τ →∞.
We compare gT,τ with the egg-beater maps of Polterovich and Shelukhin (see [PS]).
An egg-beater map can also be constructed arbitrarily far away from any autonomous
Hamiltonian in Hofer’s metric. But it is constructed on surfaces of higher genus, it is
highly chaotic and has positive entropy, which is very different from our example. In
addition, egg-beaters stay far away also from powers of Hamiltonian diffeomorphisms
while gN,N = g
N
1,1.
On the other hand, h-percentiles and invariants computed by the quasimorphisms r
and ρ can be expressed in terms of persistence modules, so our methods may have common
background with those of [PS].
Remark 6. Another direction for comparison is the quasimorphisms on surfaces that
vanish on autonomous diffeomorphisms (see [BM] and a series of earlier works [BK, BKS,
Bra]). Both approaches use quasimorphisms as tools. However, the quasimorphisms
used here do not vanish on autonomous Hamiltonians, hence cannot be used directly to
prove the desired result or to construct Hamiltonians that are far from the identity in
the autonomous norm. On the positive side, our quasimorphisms are Hofer-Lipschitz and
descend to invariants of curves in S1 × [0, 1] (which is not the case in [BM]).
Let L = {0} × [0, 1] ∪ { 12} × [0, 1] ⊂ Σ. We show that quasimorphisms ra,b and ρ0.6
descend as ill-defined invariants to the orbit OL.
Let g be a Hamiltonian in the stabilizer S, that is, gL = L. We may perturb g by a
Hamiltonian h supported in a small neighborhood of L so that hg fixes a neighborhood of
L pointwise. hg = g1 ◦ g2 splits into composition of two Hamiltonian diffeomorphisms: g1
supported in (0, 12 )× [0, 1] and g2 in (
1
2 , 1)× [0, 1]. Both supported in a topological disk
of area 12 ≤
1+a+b
2 , hence ra,b(g1) = ra,b(g2) = 0. They commute (supports are disjoint),
ra,b is homogeneous, hence
ra,b(hg) = ra,b(g1) + ra,b(g2) = 0.
ra,b(h) = 0 by the same reason, which implies |ra,b(g)| ≤ Dra,b . That is, the restriction
of ra,b to the subgroup S is bounded. ra,b
∣∣
S
is a homogeneous bounded quasimorphism,
hence it is identically zero.
Similarly, hg preserves a large topological disk given by removing a neighborhood of
{0} × [0, 1] from Σ. It has rotation number zero, hence ρ0.6(hg) = 0. The same is true
for h, so ρ0.6(h) = 0. We continue as before: |ρ0.6(g)| ≤ Dρ0.6 and the quasimorphism
vanishes on S.
Therefore all estimates and computations above remain valid up to a compensation
for ambiguity (which is bounded by the defects) when we replace gT,τ by gT,τ (L). Any
g′ ∈ Ham(Σ) such that g′(L) = gT,τ (L) satisfies
ra′,b′(g
′)− ra,b(g
′) > τ −Dra′,b′ −Dra,b
meaning that for τ large enough the autonomous function which generates g′ (if it exists)
must have a large branch B. But
ρ0.6(g
′) ≥ T −Dρ0.6 ,
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hence this branch cannot be stationary for large T . This is a contradiction.
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